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Fig. 1. Schematic diagram of UF and 
MF membrane standard blocking.
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 Standard blocking of the pores of ultrafiltration (UF) and microfiltration (MF) 
membranes is one of the common processes in membrane technology [1-4]. If the size of a 
suspended particle is less than the diameter of a membrane pore, it may enter the pore and 
get deposited on its walls or pass through it and come out at the opposite end of the pore. As 
most of the natural and industrial suspensions are polydisperse and most of the commercial 
membranes are characterized by rather wide lognormal pore-size distributions, some of the 
suspended particles are too small to be sieved by the pore entrance and the selectivity of the 
membranes is usually less than 100%. The process of standard blocking occurs to a larger or 
smaller extent in most UF/MF membranes at the start-up stage of their operation and should 
be taken into account in designing the membrane equipment. Although the permeation rate 
during the standard blocking rapidly decreases with time due to the deposition of particles 
on the pore walls and narrowing of its flow cross-section (pore constriction), its value for 
the first several dozens of minutes of their operation may remain much higher than the 
permeation rate during the process of the following cake filtration, in which the pore rejects 
the particles and the permeation rate is controlled by the cake resistance [2, 5]. This makes 
the idea of using standard blocking in commercial membrane plants, such as submerged 
membrane bioreactors or other types of outside-in hollow fiber filters, look very attractive. 
This process can be used in designing a membrane filter that can provide the fractional 
separation of suspended particles, in which the larger particles are collected on the pressure 
side of the membrane and the smaller ones are deposited on the walls of its pores and/or 
pass through the membrane pores to the permeate. This process also takes place in affinity 
membrane filtration [6]. To design these standard-blocking applications, it is necessary to 
have a reliable theory that can simultaneously predict the variation of membrane permeation 
rate and selectivity with time. This theory will also be helpful in studying the UF/MF 
applications for medicine, biology, pharmaceutics, and the food processing industry [2].    

 In the present paper, the macroscopic approach of 
the theory of depth filtration based on the concept of the 
filter (deposition) coefficient will be used to describe the 
standard blocking of pores in UF/MF membranes with 
allowance for the spatially nonuniform deposition of 
particles on the pore walls and pore constriction and 
predict the variation of permeate flux, profile of the 
number of deposited particles, and permeate concentration 
with time. 
 Consider a membrane with round cylindrical pores 
of the same radius 0r  and length l through which an 
incompressible isothermal suspension with low 
concentration (volume fraction) 0c  of spherical particles 
of the same radius a is filtered (Fig. 1). As in the classical 
approaches [2, 3], we assume that the diffusion of 
particles inside pores can be ignored, the liquid viscosity 
inside the pores remains constant, and the liquid inside the 
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pores is perfectly mixed over their cross sections. As in the theory of depth filtration [7-8], 
we assume that particles can be collected by the walls of pores and the rate of this process is 
determined by the deposition (filter) coefficient, particle-collecting surface area inside the 
pore, and the local concentration of particles in it. As the concentration of suspended 
particles decreases with pore depth due to the deposition of particles on the inlet portion of 
the pore, the number of deposited particles should decrease along the pore (Fig. 1). 
 Let us divide the length of the pore into a sequence of circular sections with lengths 
equal to the diameter of the particle (Fig. 1). We assume that the particles can be caught by 
the pore wall itself or by the surface of the layer of particles deposited on the pore wall and 
that every circular section represents a short cylindrical pore the flow in which can be 
described by the Poiseuille formula. In this case, the liquid flow rate at the pore outlet can 
be defined by the formula: 
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where P  is the transmembrane pressure; r, the pore radius; µ , the dynamic viscosity; w, the 
flow rate of liquid through the pore, nσ  is the time-dependent volume fraction of particles 
deposited inside circular section n. 
 The whole pore length l is divided into N = ( )/ 2l a⎢ ⎥⎣ ⎦  circular sections. The value of 
coordinate z for section n is given by the expression: 

(2 1)nz a n= − , where 1..n N= . 
 As the number of these “thin” circular sections is usually rather large, the sum given 
by (1) can be replaced to within a negligibly small error by the integral: 
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where σ  is a function of time. 
 As in the phenomenological theory of depth filtration, the material balance equation 
will take the form [7-8]: 
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 Eq. (3) is written for a unit volume of the membrane, which is treated as a porous 
medium. Here, c , the volume fraction of suspended particles, ε  is the current porosity of the 
membrane, 0ε  is the initial membrane porosity,  ( ) c wcu

S
=  is the flux of particles through the 
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 of a unit membrane volume, wu

S
=  is the flow (permeate) velocity. 

Here, we assume that the value of w  is the same throughout the pore at a fixed moment of 
time. In other words, the effect of the difference between the flow rate at the pore inlet and 
outlet is ignored because the change of permeate flow rate in the time of several seconds 
needed for the liquid to pass through the whole pore length usually does not exceed several 
percent. 
 In this case, the expression for the rate of deposition takes the form: 
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Here, ( )Α σ  accounts for the fraction of suspended particles deposited on a specific segment 
of the pore length. 
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 Eq. (4) is written using the assumption that the volume of deposited particles is 
proportional to the produced permeate volume and the particle concentration. 
 Rearranging Eq. (4) yields the equation: 

( )d u c
dt
σ
= λ σ ,           (5) 

where ( )
l

Α σ
λ =  is the traditional filter coefficient used in the theory of depth filtration [7-8]. 

The effect of the porosity of the layer of deposited particles is implicitly accounted for by 
the factor λ . 
 The initial and boundary conditions to the above equations can be written as 

0c c= ,     when 0, 0t z≥ = ;     (6) 
0, 0c = σ = ,    when 0, 0t z= > .     (7) 

 The narrowing of a pore due to the collection of particles by its wall causes a 
decrease in the volume occupied by the suspension inside the membrane. In the case of 
cylindrical pores, the current membrane porosity ε  is defined as 
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 Let us find the radius r as a function of σ  for the case of cylindrical pores. The 
balance equation for this case is written as 
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Integrating the left- and right-hand sides of Eq. (9) in view of initial condition (7) yields the 
expression: 
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 Using the above expression, we obtain 
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 The filter coefficient can be written as the initial filter coefficient 0λ  multiplied by 
some function ( )Β σ  that accounts for the reduction of the filter coefficient with increasing 
σ : 
( ) ( )0λ σ = λ Β σ .           (12) 

 We introduce the initial linear permeate velocity 0u  defined as 
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 In this case, Eqs. (3) and (5) can be rewritten as 
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 The above equations can be written in dimensionless form as 
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 The initial and boundary conditions in dimensionless form are written as 
0c c= ,     when 0, 0Zτ ≥ = ;     (19) 

0, 0c = σ = ,    when 0, 0Zτ = > .     (20) 
 It can be shown that the first term in Eq. (16) is negligibly small (in most cases its 
contribution does not exceed 1%) as compared to the other terms in this equation. 
Consequently, Eq. (16) can be approximated by the equation: 
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 Introduction of a new function 0

0

( )cU
c
ε

Φ = τ  transforms Eqs. (21) and (17) to 
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 ( )d N B
d λ
σ
= σ Φ

τ
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The boundary condition given by Eq. (19) takes the form: 
0 ( )UΦ = ε τ ,    when 0, 0Zτ ≥ = .     (24) 

 Equation (22) can be replaced by the classical material balance equation used in 
depth filtration theory (in most cases the error does not exceed 1%) [7]: 

Z
∂Φ ∂Φ ∂σ

+ = −
∂ τ ∂ ∂ τ

.          (25) 

 As a result, we come to the problem given by (25), (23), (19), and (20), which is 
mathematically equivalent to two uncoupled ordinary differential equations [7]: 
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0 0σ = , 0τ = .           (29) 
 The system given by (26)-(29) can be solved for different functions ( )Β σ , which 
account for the mechanism of particle capture by the pore wall. 
 The simplest function corresponds to the case in which the increase in the number of 
deposited particles causes a decrease in the deposition rate because of the narrowing of the 
surface area available for the deposition of particles. The surface area on which particles can 
deposit at the initial moment is equal to 02 r lπ . Later, the surface area available for the 
deposition is defined by 2 r lπ . Consequently, the desired function is given by the 
expression: 
( ) ( )
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r F r
r

Β σ = = .          (30) 



 
 

5

 Another function corresponds to the case in which only one layer of particles can 
deposit on the pore wall, the so-called case of Langmuir adsorption [8]. Here, the desired 
function is written as 
( )

max

1 σ
Β σ = −

σ
,           (31) 

where maxσ  is the value corresponding to the completed single layer. 
 Other possible functions can be taken from Ref. [7]. 
 In the present paper, our consideration will be restricted to the study of the simplest 
function given by Eq. (30).  
 It can be easily shown that the solution to the system given by (26)-(29) is written as 
[7] 
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 The expression for 0σ  at the pore inlet is given by 
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 According to Eq. (18), the equation for ( )U τ  takes the form: 
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 The above integral can be evaluated analytically, for example, using Mathematica or 
Maple. However, the expression is too awkward to be listed here. 

 Introduction of a new variable 
0
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which is subject to the initial condition: 
(0) 0y = .           (36) 

 Once the above equation for y  is numerically solved, we can determine the value of 
( )U τ : 
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The actual particle retention dR  of a membrane, which can be a function of time, will 
be defined as  

0

1 l
d

c
R

c
= − ,           (38) 

where lc  is the particle concentration at the pore outlet. 
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 Let us find the expression for lc . 
 According to Ref. [7], the problem given by Eqs. (25), (23), (19), and (20) is 
characterized by the identity: 

0 0

σ Φ
=

σ Φ
,           (39) 

where 0σ  and 0Φ  are the values of σ  and Φ  at the pore inlet.  
 Using the definition of Φ , we obtain 

0 0
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c

Φ
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Φ
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 Consequently, the particle concentration lc  can be determined by the formula: 

0
0

l
lc c

σ
=

σ
,           (41) 

where lσ , which is the specific deposit at the pore outlet, and 0σ  can be calculated using 
Eqs. (32) and (33) with ( )U τ  given by Eq. (37), respectively. 
 The expression for the critical standard blocking time crτ , at which the critical value 
of the pore inlet radius is reached, can be easily obtained from Eqs. (10) and (33): 
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1 1 ( )
2
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cr

cr
N
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λσ τ
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 The value of crτ  can be found by numerical solution of Eq. (42). 
  
 

1. P. Le-Clech, V. Chen, T. A. Fane, J. Membr. Sci. 284 (1–2) (2006) 17–53. 
2. L.J. Zeman, A.L. Zydney, Microfiltration and Ultrafiltration: Principles and 

Applications, Marcel Dekker, New York, USA, 1996. 
3. K.-J. Hwang, Ch.-Y. Liao, K.-L. Tung, J. Membr. Sci. (287) (1–2) (2007) 287–293. 
4. S.V. Polyakov, E.D. Maksimov, V.S. Polyakov, Theor. Found. Chem. Eng. 29 (4) 

(1995) 329–332. 
5. Yu.S. Polyakov, D.A. Kazenin, Theor. Found. Chem. Eng. 41 (1) (2007) 56-65. 
6. E. Klein, J. Membr. Sci. 179 (1) (2000) 1-27 . 
7. C. Tien, Granular Filtration of Aerosols and Hydrosols, Butterworths Publishers, 

Boston, USA, 1989. 
8. M. Elimelech, J. Gregory, X. Jia, R. Williams, Particle Deposition and Aggregation: 

Measurement, Modelling, and Simulation, Butterworth–Heinemann, Oxford, 
England, 1995. 

 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


